We investigate differences in the elementary theories of Rogers semilattices of arithmetical numberings, depending on structural invariants of the given families of arithmetical sets. It is shown that at any fixed level of the arithmetical hierarchy there exist infinitely many families with pairwise elementary different Rogers semilattices.
Preliminaries and Background
For unexplained terminology and notations relative to computability theory, our main references are the textbooks of A.I. Mal'tsev [1] , H. Rogers [2] and R. Soare [3] . For the main concepts and notions of the theory of numberings we refer to the book of Yu.L. Ershov [4] . Definition 1.1. Any surjective mapping α of the set ω of natural numbers onto a nonempty set A is called a numbering of A. Let α and β be numberings of A. We say that a numbering α is reducible to a numbering β (in symbols, α β) if there exists a computable function f such that α(n) = β(f (n)) for any n ∈ ω. We say that the numberings α and β are equivalent (in symbols, α ≡ β) if α β and β α.
S. S. Goncharov and A. Sorbi suggested in [5] a general approach for studying classes of objects which admit constructive descriptions in formal languages. This approach allows to unify in a very natural way various notions of computability and relative computability for different classes of constructive objects. Throughout this paper we will confine ourselves to families of arithmetical subsets of ω. We take in this case a Gdel numbering {Φ i } i∈ω of the first-order arithmetical formulas, and apply this approach as follows, see [5] : The Rogers semilattice R 0 n+1 (A) can be viewed as a tool for measuring the algorithmic complexity of computations of the family A as a whole, and the problems of the theory of computable numberings concern mainly the algebraic and elementary properties of the Rogers semilattices.
We continue the investigation of the elementary types of Rogers semilattices for infinite arithmetical families started in [6] , [7] and [8] . We are interested in differences between the elementary theories of Rogers semilattices of families of any fixed level of the arithmetical hierarchy.
Everyone who has ever dealt with the classical theory of computable numberings is well aware that general facts about Rogers semilattices of families of c.e. sets are very rare, and at the same time it is very difficult to establish elementary properties that distinguish given structures. Opposite to the classical case, the elementary theories of Rogers semilattices of arithmetical numberings for the level two and higher seem more exciting. In what follows, we briefly examine some algebraic and elementary properties of the Rogers semilattices R 0 n+2 (A) for various A.
Cardinality, Lattice Properties, Undecidability
The following two theorems are well-known facts of the theory of computable numberings in the classical case. since if A consists of a single element then all numberings of A are evidently equivalent. For details relative to the classical case, we refer to [11] , and we recall the following well-known problem raised by Yu. L. Ershov. It should be noted that the elementary theory of R 0 n+2 (A) of every nontrivial family A is a quite complicated. We give evidence to this statement as follows.
Let ε * denote the bounded distributive lattice obtained by dividing the lattice ε of all c.e. subsets of ω modulo the ideal of all finite sets. We will denote byβ the principal ideal of R
Yu. Podzorov, [12] , see also [7] ) Let A be any Σ 
Extremal Elements
What kind of computable numberings should be thought of as the most natural ones? A partial answer to this question, as well as a motivation for introducing the notion of a universal numbering, is given by next proposition [6] . 
It is obvious that the greatest element, if any, of the Rogers semilattice of any family A is exactly the degree of some universal numbering of A. Proposition 1.1 implies also that many essential facts and notions relative to universal numberings are easily lifted from principal computable numberings of families of c.e. sets to arithmetical numberings. For instance,
• Ershov's classification of principal subsets, see [4] ;
• the closure condition of Lachlan [14] for families of sets to have computable principal numberings; • existence of universal numberings in Com .
In particular, we should mention the following two examples which show a difference between the Rogers semilattices of some infinite families. Again, as in the examples above, existence/non-existence of the greatest element provides an elementary property which allows us to distinguish some Rogers semilattices.
To compare elementary properties of Rogers semilattices of finite families versus Rogers semilattices of infinite families, we can use a different type of extremal elements, namely minimal elements of the semilattices. It is a well-known fact of the theory of numberings that any finite family has a numbering which is reducible to all the numberings of that family, see [4] . And this fact does not depend on either the nature of the family or the computability of the considered numberings. Thus, the Rogers semilattice R Remark 1.1. Theorem 1.6 does not hold for some infinite families of c.e. sets and does hold for other infinite families of c.e. set. Furthermore, the following question is a problem of Yu. L. Ershov known since the 60's. We refer to [11] for details on this problem. 
The Weak Distributivity Property
In this subsection we are concerned with an interesting and natural elementary property of Rogers semilattices which establishes one more difference between R 0 n+2 (A), with A finite, and R 0 n+2 (B), with B infinite. We refer to [8] for details and proofs. First we recall some definitions.
Theorem 1.7. For every n and for every finite family
The situation is different if we consider infinite families. First of all, we notice: Remark 1.2. It is easy to see that the three element upper semilattice L 0 = {a, b, c}, where a and b are incomparable and c = a ∨ b, is not distributive. There exist many Rogers semilattices which contain L 0 as an ideal, [4] , and, therefore, are not distributive. However, if we add ⊥ to L 0 , we do obtain a distributive lattice.
This remark motivates our next definition. 
. An upper semilattice L, ∨, is weakly distributive if and only if for every
a 1 , a 2 , b ∈ L, if b ≤ a 1 ∨ a 2 and b a 1 , b a 2 then there exist b 1 , b 2 ∈ L such that b 1 ≤ a 1 , b 2 ≤ a 2 and b = b 1 ∨ b 2 .
The Main Result
It should be noted that Rogers semilattices of families from different levels of arithmetical hierarchy can be surprisingly different, as can be seen from the following theorem of S. A. Badaev, S. S. Goncharov and A. Sorbi, [8] . The differences between Rogers semilattices established in Theorem 2.1 are based on the fact that ideals of Rogers semilattices of families chosen from different levels of the arithmetical hierarchy have different algorithmic complexities. Unfortunately, these differences are not elementary. So Theorem 2.1 provides a natural motivation for searching elementary properties between Rogers semilattices of families lying in the same level of the arithmetical hierarchy. Some fruitful ideas from the paper of V. V. V'jugin, [16] were very useful for our research. for all e = e .
Indeed we will construct a sequence {A n } n≥1 of families of sets of which {B e } e≥1 is subsequence.
Let M stands for any 0 (k) -maximal set, and let n be a natural number. Let E 
